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Abstract. In this paper we study, in dimension two, the stability of the solutions of some 
nonlinear elliptic equations with Neumann boundary conditions, under perturbations of 
the domains in the Hausdorff complementary topology. More precisely, for every bounded 
open subset O of R 2 , we consider the problem 

diva(a;, Vwn) + b(x,uo) = in f2, 

a(x, Vuq) • v = on dfl, 

where a : t 2 xl 2 — > R 2 and b : K 2 xR^R are two Caratheodory functions which satisfy 
the standard monotonicity and growth conditions of order p, with 1 < p < 2. 

Let Q n be a uniformly bounded sequence of open sets in R 2 , whose complements 0° 
have a uniformly bounded number of connected components. We prove that, if f2£ — > f2 c 
in the Hausdorff metric and \fl n \ — > |f2|, then un n — > us! and Vuq„ — * Vuq strongly 
in L p . The proof is obtained by showing the Mosco convergence of the Sobolev spaces 
W^ p (ft n ) to the Sobolev space W^fi). 
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1. Introduction 

In this paper we consider nonlinear elliptic equations with Neumann boundary conditions of 
the form 



(1.1) 



div a(x,Vu) + b(x,u) = in S7, 

a(x, Vit) • v = on dQ, 

where is a bounded open subset of M 2 and a : M 2 x R 2 — » M 2 and d: R 2 x 1 -> 1 are two 
Caratheodory functions which satisfy suitable monotonicity, coerciveness, and growth conditions 
(see Q2.2| )-( |2^4| ) below). Our purpose is to study the continuity of the mapping $7 i— ► uq which 
associates to every Q the corresponding solution uq. The notion of convergence we consider on 
the sets f2 is given by the Hausdorff complementary topology, which is induced by the Hausdorff 



distance of the complements of the sets (see Section 2.3 ) 



Many examples (see @, ||, @, @, Q) show that, if we consider a uniformly bounded 
sequence Qh of open subsets of M. 2 which converges to an open set Q in the Hausdorff comple- 
mentary topology, it may happen that UQ h does not converge to uq. Therefore, in this paper we 
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investigate additional conditions on f2/j which imply that un h converges to uq for any choice of 
the functions a and b. These stability results are useful in the proof of the existence of solutions 
of some shape optimization problems. More recently, similar stability results have been applied 



in [12 1 to study some models in fracture mechanics. 
In the special case of the linear problems 



(1.2) 



An 



u 



f in 



du 
, du 







on 



the stability with respect to O was first studied by Chenais || under the assumption that the 
domains Q,h satisfy a uniform cone condition, which allows to use extension operators with 
uniformly bounded norms. This condition excludes a large class of domains, like for instance 
domains with cracks, for which there is an increasing interest in view of the applications to 
fracture mechanics. 

The stability of (fb^) in nonsmooth domains is studied in ||, Q, under variuos assump- 
tions on fift. In H the problem is studied under the hypothesis that Qh converges to ft in 
the Hausdorff complementary topology, assuming also a uniform bound for the lenghts of the 
boundaries 7i 1 {dfl} l ) and for the number of connected components of dd^. This result has been 
recently improved in ||, where the bound on TL l (dVLh) is replaced by the weaker assumption 
of convergence of the two-dimensional measures of the domains, i.e., \£lh\ ~~ *■ |^|> which is also 



necessary for the stability of (1.2). 

In the present paper we study the stability of the nonlinear problems ( |1.1| ) with respect to the 
Hausdorff complementary topology, assuming that |fi/J — > and that the number of connected 
components of the complements f2? is uniformly bounded. To obtain this result we reduce the 
problem to the convergence in the sense of Mosco of the Sobolev spaces W 1,p (flh) to the Sobolev 
space W 1,p (ft), where the exponent p is related in the usual way to the growth condition of the 



functions a and b (see Section 2.6). 

The proof of this property for 1 < p < 2 is obtained in two steps. First, under the same 
assumptions on O,^ and f2, we prove the continuity of the map f2 Vno for the solutions uq of 
following nonlinear Neumann problems 



(1.3) 



diva(x, Vu) = in 17, 
a(x, Vn) • v = on dfl. 



This result is obtained by using the fact that the rotation by tt/2 of the vectorfield a(x, Vn) 
(extended to on the complemenent Q c ) is the gradient of a function vq which is constant on 
each connected component of tt c (Proposition |3.6[) . This function plays the role of the conjugate 
of used in |J and [12] in the linear case. Another important ingredient in the proof is a result 
on the stability of nonlinear Dirichlet problems proved in which allows to show that, if each 
function vn h is constant on each connected component of then their weak limit is constant 



on each connected component of f2 c (Lemmas 3.3 and |3.5|). 
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The second step in the proof of the convergence of the Sobolev spaces W 1,p {£lh) is the ap- 
proximation of locally constant functions in f2 by functions belonging to W l,p (Qh), which relies 
on a result obtained in Q . 

The main difference with respect to the linear case studied in @ and || is that for the 
nonlinear problems ( |1.3[) we can not use the method of conformal mappings. 

The hypothesis p < 2 is used both in the first and in the second step. In the case p > 2 the 
stability result for ([O]) and ( |1.3| ) is not true under our hypotheses, as shown in Remarks 3/? 



and 4.6. The general form of the limit problem will be studied in |16| . 

In the last part of the paper we consider the case of unbounded open sets and the case of 
mixed boundary value problems, with a Dirichlet condition on a fixed part of the boundary. 
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2. Notation and preliminaries 

Throughout the paper p and q are real numbers, with l<p<2<q< +oo and p _1 + q^ 1 = 1. 
The scalar product of two vectors £, £ G K 2 is denoted by £ • and the norm of £ by For 
any E, F C M 2 , EAF := (E \ F) U (F \ E) is the symmetric difference of E and F, and \E\ is 
the Lebesgue (outer) measure of E. 

2.1. Deny-Lions spaces. Given an open subset Q of K 2 , the Deny-Lions space is defined by 

L 1,p (0) := {u e L P loc (Q) : Vu € L p (ft,M 2 )}. 

It is well-known that L 1,P (Q) = W 1,P (Q) whenever Q, is bounded and has a Lipschitz boundary. 
It is also known that the set {Vu : u € L 1,P (Q)} is a closed subspace of L P (Q,IR 2 ). For further 
properties of the spaces L 1,P (Q) the reader is referred to and pi]] . 

In many problems it is useful to consider the following equivalence relation in L 1,P (Q): 

(2.1) v\ ~ V2 if and only if V^i = V^2 a.e. in f2. 

The corresponding quotient space is denoted by L 1,P (Q)/^. 
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2.2. Capacity. Let 1 < r < oo. For every subset E of M. 2 , the (l,r)- capacity of -E in M 2 , 
denoted by C r (E), is defined as the infimum of J^dVuj 1 * + jii| r ) dx over the set of all functions 
u G Ty 1,r (K 2 ) such that u > 1 a.e. in a neighborhood of -E. If r > 2, then C r (E) > for every 
nonempty set E. On the contrary, if r = 2 there are nonempty sets E with C r (E) = (for 
instance, C r ({x}) = for every x G M 2 ). 

We say that a property P(x) holds C r - quasi everywhere (abbreviated as C r -q.e.) in a set i£ 
if it holds for all x G S except a subset N o£ E with C r (N) = 0. We recall that the expression 
almost everywhere (abbreviated as a.e.) refers, as usual, to the Lebesgue measure. 

A function u: E — > M. is said to be quasi- continuous if for every e there exists A £ C M 2 , 
with C r (A e ) < e, such that the restriction of u to E \ A e is continuous. If r > 2 every quasi- 
continuous function is continuous, while for r = 2 there are quasi-continuous functions that are 
not continuous. It is well known that, for any open subset 17 of M 2 , every function u G W 1,r (Q) 
has a quasi- continuous representative u: O — > R, which satisfies 

1 /• 

lim — — — / ~~ u(x) \ dy = for q.e. igfl, 

P ^o+ |-B(x,p)| Jb(x,p) 

where B(x, p) is the open ball with centre x and radius p. We recall that if Uh converges strongly 
to u in W 1,r (Q), then a subsequence of converges to u pointwise C r -q.e. on 0. For these and 



other properties on quasi-continuous representatives the reader is referred to fll7|] , [19], [21], 2J]. 

To simplify the notation, we always identify each function u € W ' r (0) with its quasi- 
continuous representative u. 

2.3. Convergence of sets. We recall here the notion of convergence in the sense of Kuratowski. 
We say that a sequence (Ch) of closed subsets of M 2 converges to a closed set C in the sense of 
Kuratowski if the following two properties hold: 

(Ki) for every x G C, there exists a sequence Xh G such that — > x; 

(K2) if (/ifc) is a sequence of indices converging to 00, (xk) is a sequence such that Xk G C/ lfc for 
every fc, and x^ converges to some x G M 2 , then x G C. 

Let us recall also that the Hausdorff distance between two nonempty closed subsets C\ and 
C 2 of R 2 is defined by 

dn(Ci,C2) ■= max < sup dist(x, C2) , sup dist(x,Ci) > . 

We say that a sequence (Ch) of nonempty closed subsets of M 2 converges to a nonempty closed 
subset C in the Hausdorff metric if dn(Ch , C) converges to 0. 

A sequence of subsets of M 2 is said to be uniformly bounded if there exists a bounded subset 
of M. 2 which contains all sets of the sequence. 

The convergence in the Hausdorff metric implies the convergence in the sense of Kuratowski, 
while in general the converse is false. However, if (Ch) is a uniformly bounded sequence of 
nonempty closed sets in M 2 , then (Ch) converges to a closed set C in the Hausdorff metric if and 
only if (Ch) converges to C in the sense of Kuratowski. 

We say that a sequence (£lh) of open subsets of M 2 converges to an open set in the Hausdorff 
complementary topology, if dfl-(f^,f2 c ) converges to 0, where £l h and f2 c are the complements 
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of 0/j and in R 2 , It is well-known (see, e.g., [18, Blaschke's Selection Theorem]) that every 
uniformly bounded sequence of nonempty closed sets is compact with respect to the Hausdorff 
convergence. This implies that every uniformly bounded sequence of open sets is compact with 
respect to the Hausdorff complementary topology. 

Moreover, a uniformly bounded sequence of open sets (f2/i) converges to an open set f2 in the 
Hausdorff complementary topology, if and only if the sequence (f2^) converges to fi c in the sense 
of Kuratowski. 



2.4. The Neumann problems. Let a: 



I 2 and 6: M 2 : 



be two Caratheodory 



functions that satisfy the following assumptions: there exist < c\ < c 2 , a G L q (M?), and 
f3 G L 1 (R 2 ) such that, for almost every i£l 2 and for every (,(i,^£R 2 with 6 ^ 6 



(2.2) 
(2.3) 
(2.4) 



(a(z,£i) -a(x,&)) • (6-6) > 0; 
\a(x,0\ <a(x)+c 2 \^' 1 ; 
a(x,0-Z>-P(x) + ci\Z\ p . 



We assume that b satisfies the same inequalities for every 6 6>6 6 ^- 

For every open set !! C R 2 , we consider the following nonlinear Neumann boundary value 
problems, where v denotes the outward unit normal to d£l: 



(2.5) 
and 
(2.6) 



— div a(x, Vu) + b(x, u) = 
a(x, Vu) ■ v = 



m 



on 



a 

an, 



m 



on 



dn. 



- diva(x, Vv) = 
a(x, Vv) • v = 
A function u is a solution of Q2.5| ) if 

' u G w 1>p (n), 

[a(x, Vu) ■ Vz + 6(1, u)z] dx = \/z G W l ' p {n). 

while v is a solution of (|2i6| ) if 

'« G L X 'P(0), 

a(x, Vu) • Vz dx = Vz G L 1,p (0). 



(2.7) 



(2 



By well-known existence results for nonlinear elliptic equations with strictly monotone operators 
(see, e.g., Lions |20||), one can easily see that (2/7) has a unique solution in W 1,P (Q). Similarly one 
can prove that Q2.S| ) has a solution, and that if v\ and v 2 are solutions of ([2.8]), then Vv\ = Vv 2 
a.e. in 17. Note that problem ( |2.8[ ) can be formulated in the quotient space L 1,P (J7)/^, where a 
uniqueness result holds. 
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2.5. Stability of Neumann problems. In order to study the stability of (|2.5|) and (|2.6[) with 
respect to the variations of the open set Q, we should be able to compare two solutions defined 
in two different domains. For any subset E of R 2 , the characteristic function 1e of E is defined 
by 1e(x) '■= 1 for i£E and 1e( x ) '■= for x G E c . For every u G L 1,P (Q), the functions uIq 
and VuIq are the extensions of the functions u and Vu which vanish in £l c . By means of these 
extensions, W 1 >' p (£l) will be identified with the closed linear subspace Xq of L P (R 2 ) x L P (R 2 , R 2 ) 
defined by 

(2.9) X n := {(«l n , Vuln) : u G 1^(0)}, 

while the quotient space L 1,p (f2)/^ will be identified with the closed linear subspace Yh of 
L P (R 2 ,R 2 ) defined by 

(2.10) Y n := {Vul n : u G L 1,P (Q)}. 

Let £1 be an open subset of R 2 and let (£lh) De a sequence of open subsets of R 2 . Given a 
pair of Caratheodory functions a: R 2 x R 2 -> R 2 and 6: R 2 x R -> R satisfying p^-plj), let 
it be the solution to problem (|2.5| ) in and, for every h, let Uft be the solution to problem (|2.5|) 
in 0^. 



Definition 2.1. We say that Q is stable for the Neumann problems ( \2J\ ) along the sequence 
(Qh) if for every pair of functions a, b satisfying ^2.2\) -^\) the sequence (uhln h ) converges to 
uIq strongly in L P (R 2 ) and the sequence (Viiftlf^) converges to Vul n strongly in L P (R 2 ,R 2 ). 



Similarly, let v be a solution to problem ( |2.q ) in and, for every h, let Vh be a solution to 
problem ([01) in f2ft. 



Definition 2.2. We say that Q is stable for the Neumann problems l\2.(\) along the sequence 
(Sift) if for every function a satisfying (2.i )- §L4j the sequence (Vi^lo^) converges to Vfl^ 



strongly in L P (R 2 ,R 2 ). 

2.6. Mosco convergence. We shall prove that the notion of stability introduced in the previous 
definitions is equivalent to a notion of convergence for subspaces of a Banach space introduced 
by Mosco in [|^]. 

Let Oft and f2 be open subsets of R 2 , and let Xn h and Xq be the corresponding subspaces 
defined by (p7S| ) . We recall that Xq h converges to Xq in the sense of Mosco (see [^2], Definition 
1.1]) if the following two properties hold: 

(Mi) for every u G W 1,P (Q), there exists a sequence Uh G W 1,p {Qh) such that Uhln h converges 
to uIq strongly in L P (R 2 ) and Viiftlo^ converges to Vuln strongly in L P (R 2 ,R 2 ); 

(M2) if (hk) is a sequence of indices converging to 00, (uk) is a sequence such that Uk G W 1,p (Qh k ) 
for every k, and Ukln hk converges weakly in L P (R 2 ) to a function 0, while Vit^lo^ con- 
verges weakly in L P (R 2 ,R 2 ) to a function tp, then there exists u G VF 1,p (f2) such that 
4> = uIq and ip = VuIq a.e. in R 2 . 

Analogously, the convergence in the sense of Mosco of the spaces Yq h to Yq defined by ( |2.10| ) 
is obtained by using only the convergence of the extensions of gradients, that is: 
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(M{) for every u € L 1,P (Q), there exists a sequence Uh 6 L 1,p (0^) such that Vt^l^ converges 

strongly to VuIq in L P (IR 2 ,M 2 ); 
(Mj) if (/ifc) is a sequence of indices converging to 00, (u^.) is a sequence such that Uk £ L 1,p (f2/ lfe ) 

for every A;, and Vitfcln,^ converges weakly in L P (M 2 ,IR 2 ) to a function ip, then there exists 

u G L 1 'P(0) such that V = Vul n a.e. in K 2 . 

Theorem 2.3. Lei fi^ and Q be open subsets ofM 2 , and let Xq h and Xq be the corresponding 
subspaces defined by Then Q, is stable for the Neumann problems (2.5) along the sequence 

(Qh) if and only if Xn h converges to Xq in the sense of Mosco. 



Proof. Assume that f2 is stable for the Neumann problems (2J3) along the sequence (f^). We 
want to prove that Xn h converges to Xq in the sense of Mosco by using only the stability of the 
solutions corresponding to functions a and b of the special form 

(2.11) a(x,0 :=a (x) + ai(O, b(x,t) := b (x) + h(t), 
with 

(2.12) Ol (0 := |^r 2 e, h(t) := \t\P~\ a £ L'(K 2 ,1 2 ), b e L"(R 2 ). 

Let us prove (Mi). Given u G W^ p {Vt), let a := -\Vu\ p - 2 Vul n and b := -\u\ p - 2 uln- Then 



u is the solution of Q2.7| ) in with a and b given by ( p. 11 ). Let Uh 6 W l,p (Qh) be the solution 



of ( p7z| ) in Qh with the same a and b. By Definition £7y the sequence (it/ilf^) converges to uln 
strongly in L P (M. 2 ) and (Vuh,ln h ) converges to Vul^ strongly in L P (M. 2 ,M. 2 ). This proves (Mi). 

Let us prove (M2). Let (hk) be a sequence of indices converging to 00 and let (u^) be a 
sequence, with Uk £ W /1,p (0/ lfc ) for every k, such that (ukln hk ) converges weakly in L P (M. 2 ) to a 
function 0, while (Vu^l^ ) converges weakly in L P (M 2 ,R 2 ) to a function -0- Let oq := —ai(ip) = 



^ and 60 := —b\(4>) = — \<f)\ p ~ (j), let a and b be defined by (|2.11| ), and let u* and 
be the solutions of problems ( |2.7D in fi and f2/j fe respectively. By the stability assumption the 
sequence {u* h ln h ) converges to u*1q strongly in L P (M. 2 ) and (Vu^ ln h ) converges to Vu*1q 
strongly in L P (M 2 ,M 2 ). This implies that a(x, Vu^ fe lc/ lfe ) converges to a(x, Vu*1q) strongly in 
L 9 (R 2 ,]R 2 ) and b(x,u^ ln h ) converges to 6(x,u*ln) strongly in L 9 (IR 2 ). Therefore 



k— >oo 



lim / [o(x,V< J-CVuftfc-Vuh ) + 6(ar,t*h )(« fcfc -< )]dr 



(2.13) = / [a{x,Vu*l u )-(^-Vu*l Q )+b(x,u*ln)((f>-u*ln)]dx. 

Jm. 2 

By ( |2.7| ) the left hand side of ( 2.1 3| ) is zero. Therefore, using ( p. 1 1 ) and (2.12) we obtain 



[MVuIn) - a x {i>)) ■ - Vu*l n ) + (&i(u*l n ) - h(<j>))(4> ~ u*l a )]dx = 0. 



2 



Using the strict monotonicity of a\ and b\ we obtain that ip = \7u*1q and <ft = u*1q a.e. in 

Conversely, assume now that X^ h converges to X^ in the sense of Mosco and let us prove 
the stability. Let a and b be two Caratheodory functions satisfying (|2.2|)-(pQ|) and let u\ t and u 
be the solutions to problems (|2.5D in Qh and The weak convergence in L P (M. 2 ) x L P (M. 2 , M 2 ) 
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of (iif l lQ h , Vuhln h ) to (u1q,\/uIq) is a particular case of Theorem A]. For the reader's 
convenience, we give here the simple proof. 

Using z := as test function in (2/7) for $7^, from fl2.4| ) we obtain that ||iih||vFi,p(f2 h ) is 



bounded. Passing to a subsequence, we have that UhlQ h converges weakly in L P (R 2 ) to a 
function </>, while Vu^ln^ converges weakly in L P (R 2 ,R 2 ) to a function if). By (M2) there exists 
u* G IU 1,P (S7) such that (j) = w *ln an d tp = Vu*1q a.e. in R 2 . By monotonicity for every 
v G IU 1,p (fi) we have 

(2.14) / \a(x,Vvl Q ) ■ (Vvl Q - Vu h ln h ) + b(x,vl n ) (vl n - u h l n J] dx > 
Jr. 2 

> / \a(x,Vu h ln ) ■ (Vvln -Vu h ln h ) + b(x,u h ln h )(vln - u h ln h )]dx. 
Jr 2 

By (Mi) there exists a sequence Vh £ PU 1 ' p (Q/ l ) such that v/iln h converges to wl^ strongly in 
LP(R 2 ) and V^ln ft converges to Vvl n strongly in L P (R 2 , R 2 ). As v h -u h e W lj, (Sl h ), h J (13) 
we have 

(2.15) / \a(x,Vu h ln h ) ■ (VvIq -Vu h ln h ) + b(x,u h ln h )(vln - u h lci h )]dx = 
Jr 2 

[a(x,Vu h ln h ) ■ (Vvln - Vv h ln h ) + b(x,u h ln h ){vln - v h l^ h )]dx. 



Since a(x, Vu/,1sjJ is bounded in L 9 (R 2 ,R 2 ) and b(x,Uhl~n h ) is bounded in L 9 (R 2 ), passing to 
the limit in ( [Op and ( ^T5|) we obtain 



(2.16) / [a(x, Vu) • (Vu - Vu*) + 6(x, v)(u - «*)] > 

> lim / [a(x, Vu h ln h ) ■ (VvIq - Vv h lu h ) + b(x,Uhl(i h ){vln - v h lu h )]dx = 0. 
^°°./r 2 

Then we take i> = u* ± ez in ( |2.16D , with z G 1U 1,P (0) and e > 0. Dividing by e, and passing 



to the limit as e tends to 0, we obtain that u* satisfies (2.7) in f2. This proves that u* = u. 
Therefore Uhl^ h converges to ul^ weakly in L P (R 2 ) and V-u^lf^ converges to Vitl^ weakly in 
L p (R 2 ,R 2 ). 

Taking v := u in (|2.16|) we obtain that 

/ (a(x, Vu h ln h ) - a(x, Vuln)) • (Vu h la h - Vuln)dx + 
Jr 2 

+ / (b(x,u h ln h ) - b(x,uln))(u h ln h - uln)dx 



tends to as h — > 00. Using the monotonicity of a and b we conclude that each integral 
tends to 0. The strong convergence of (uhln h , Vuhln h ) is now a consequence of the following 
lemma. □ 

Lemma 2.4. Let (tph) be a sequence inL p (R 2 ,R 2 ) converging weakly inL p (R 2 ,R 2 ) to a function 
ip. Assume that 

(2.17) lim / (a(x,*l> h )-a(x,i;))-(^ h -ij)dx = 0. 

h ^°° Jr 2 
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Then iph converges to rp strongly in L P (M 2 ,1R 2 ). 

Proof. Various forms of this lemma have been used in the study of Leray-Lions operators (see, 
e.g., [jl], Lemma 5]). For the sake of completeness, we give here the short proof of the present 
version. 

Let gh := (a(x,i/jh) — a (x,ip)) ■ {tph — V0- By monotonicity we have > a.e. in M. 2 , thus 
( 2.17 ) implies that gh converges to strongly in L 1 (M 2 ). Passing to a subsequence, we may 



assume that g^ converges to a.e. in IR 2 . Using the Cauchy inequality, from (2.3) and (|2.4| ) we 
obtain for every e > 

ci\i>h\ v < (3 + a(x,ip h ) 'iph = P + 9h + a(x,ip h ) • ip + a(x,ip) ■ (ip h - f)< 

< g h + (3 + aH + |a(z, VOIM + <*{- + -) |^| p + c 2 (^ + |a(x 'f '' ). 

q p pe p q£ q 

Choosing e small enough, we obtain that there exist a constant C3 > and a function 7 G L 1 (M 2 ) 
such that 

(2.18) c 3 |^r<^ + 7- 

Let us fix a point x G M 2 where 7(2;) < +00 and where gh{x) tends to 0. By ( |2.18| ) the sequence 
^h( x ) is bounded in M 2 , thus a subsequence (depending on x) converges to a vector (£l 2 . By 
the definition of gh(x) and by the continuity of a(x, •) we get (a(x, £) — a(x, ip(x))) ■ (£—ip(x)) = 0, 
which implies £ = ^>(a;) by ( |2 . 2[) . Therefore the whole sequence iph( x ) converges to ip(x). Since 
this is true for a.e. x G M 2 , the strong convergence in L P (R 2 ,M 2 ) follows from ( p. 18 ) by the 



dominated convergence theorem. □ 

Remark 2.5. Let us observe that, if (fi/J is a uniformly bounded sequence of open subsets of 
M 2 such that X^i h converges to Xq in the sense of Mosco, then |f2/jAQ| converges to 0. 

Let S C R 2 be a bounded closed set such that fid C S for every h. From property (Mi) it 
follows that SlcS. Indeed, if O \ £ + 0, let B C fi \ £ be an open ball and let 99 G C£°(B) 
with (p ^ 0. By property (Mi), there exists G M /1 ' p (0/ l ) such that u^ln h — > y strongly in 
LP(M 2 ). So, 



0< / |^| p dx= lim / \uhln h \ p dx = 0, 

7S h^oojg 



which is absurd. 

Now, let u := 1^- Since u G VF 1,p (0), by property (Mi) there exists Uh G V^ 1,p (f^) such that 
Uh^n h — > In strongly in L P (R 2 ). As \u h ln h - l^| p = 1 a.e. on 0, \ Q h , we have 

(2.19) lim|fi\fi h |< lim / \u h ln h - l n \ p dx = 0. 

On the other hand, up to a subsequence, 1q converges weakly in L P (IR 2 ,IR 2 ) to some <fi. Hence 
from property (M2), there exists v G W 1,P (Q) such that <fi = vIq a.e. in M 2 . So we have that 

lim |fi ft \fi| = lim / lu h l s \ndx = / vlnl^dx = 0, 

which together with (2.19) gives |fi/jAJ2| — > 0. 
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Note that, if the open sets tth are not uniformly bounded, it is possible that Xq h converges 
to Xq in the sense of Mosco while IfifcAQI does not converge to 0. Consider, for example, the 
sequence of open sets VL h := B(0, 1) U ((5(0, h + h' 1 ) \B(0,h)) and Q := B(0, 1). We have that 
\n h An\ = 2ir + h- 2 n -> 2vr. 

Let us verify that Xfi h converges to Xq in the sense of Mosco. For every u G W 1,p (fl), 
property (Mi) is satisfied by the sequence Uh := uIq. For property (M2), let (hk) be a sequence 
of indices converging to 00; let (tik) be a sequence, with Uk G W ,p (Qh k ) for every k, such 
that Ukln hk converges weakly in L P (R 2 ) to a function 0, while Vitfelf2 fe] converges weakly in 



L P (M , M ) to a function ■0. We set u := 0|q. As Uk — 1 u weakly in L p (f2) and Vufc — VI 
weakly in L p (f2, M 2 ), we have it G W 1,p (Vl) and = 0>|n a.e. on f2. Now, for every ball Del] 
we have D C O^j for /i large enough, hence 



n 



/ 4>dx = lim / Ukln h dx = 0. 



So, = a.e. in f2 c and similarly also = a.e. in f2 c . Hence, = uIq and = Vul^ a.e. 



in R 2 . 



Note that, in this case, converges to Q in the Hausdorff complementary topology, since 
cZ j f/(Q^, r2 c ) = h~ l — » 0. By adding a small strip whose width tends to zero one can obtain an 
example with connected sets. 



The following theorem can be proved as Theorem 2.3 



Theorem 2.6. Let Qh and fi be open subsets ofR 2 , and let Yh h and Yq be the corresponding 
subspaces defined by ft2.1(\ ). Then Q is stable for the Neumann problems (2.6) along the sequence 
(O/j) if and only if Yh h converges to Yq in the sense of Mosco. 



Remark 2.7. If (fi/J is a uniformly bounded sequence of open subsets of R 2 such that Yn h 
converges to Yq in the sense of Mosco, then |f^Af2| converges to 0. Let S C I 2 be a bounded 
set such that C £ for every h. Arguing as in Remark we get that f2 C S. 

Now, let u(x) := £-x with (GM 2 and |£| = 1. Since u G L 1,P (Q), by property (M[) there exists 
u h G L^ p (n h ) such that Vu h ln h -» Vul n strongly in L P (R 2 ,R 2 ). As |Vti/»ln h - Vul n \ p = 1 
a.e. on £1 \ Q/j, we have 

(2.20) lim |fi\fi fe | < lim / \Vu h ln h - Vul n \ p dx = 0. 

ft— >oo h—>oo j]g2 

On the other hand, we consider the functions v/j G L 1,p (^lh) defined by Vh{x) := £ ■ x. Up to a 
subsequence, Vi^Iq^ = converges weakly in L P (M 2 ,IR 2 ) to some function ip. By property 
(M2), there exists a function v G L 1,p (0) such that ip = VvIq a.e. in R 2 . So, it follows that 

£ lim |fih\fi| = lim / V^l^lEXn cfe = / Vvlnl E \ n dx = 0, 

which together with ( 2.20 ) gives |S7Af2/i| — > 0. 



A STABILITY RESULT FOR NONLINEAR NEUMANN PROBLEMS UNDER BOUNDARY VARIATIONS 11 



Remark 2.8. Theorems 2J3 and 2J3 can be applied in the following easy case. If (O^) is 
increasing and f2 is the union of the sequence, then it is easy to see that Xn h converges to 
Xq and Yfi h converges to Yh in the sense of Mosco. Therefore every open set is stable for the 
Neumann problems (|2.5f ) and ( |2.6| ) along any increasing sequence converging to it. 



3. MOSCO CONVERGENCE OF DENY-LlONS SPACES 

In this section we study the Mosco convergence of the subspaces Yq introduced in (p.lOj) 
and corresponding to the Deny-Lions spaces L 1,P {VL). By Theorem this is equivalent to the 
stability for the Neumann problems (|2.6|). 



Theorem 3.1. Let (fi^) be a uniformly bounded sequence of open subsets ofR 2 that converges 
to an open set 0, in the Hausdorff complementary topology. Assume that \$lh\ converges to \Q\ 
and that S7£ has a uniformly bounded number of connected components. Then O is stable for the 
Neumann problems \2. b\ ) along the sequence (f^). 



To prove Theorem |3.1] we use the following lemmas. 

Lemma 3.2. Let (£lh) be a uniformly bounded sequence of open subsets of R 2 which converges 
to an open set £1 in the Hausdorff complementary topology. Assume that \£lh\ |^|- Then 
Ifi/j — ¥ In measure, i.e., \VLhAQ.\ — > 0. Moreover, if ip^ — 1 ip weakly in L r (R 2 ) for some 
1 < r < +oo, and iph = a.e. in O, 1 ^, then ip = a.e. in £l c . 

Proof. From the convergence of fl^ to Q in the Hausdorff complementary topology we have 
that ln\n h — » pointwise, hence |fi\fi/j| — ► by the dominated convergence theorem. Since 
|f2/j| — |0| = \ Q\ — |0 \ and the left hand side tends to by hypothesis, we conclude 
that \£lh \ f2| — > too. 

Now, let ip € L°°(R 2 ). As l Qh -> l n strongly in L S (R 2 ) for every 1 < s < +oo, we have 



(pip dx = lim / iphtpdx= lim / la^^ip dx = / Inpip dx = 0, 
which implies <p = a.e. in f2 c . □ 

Lemma 3.3. Let (Qh) be a uniformly bounded sequence of open subsets ofR 2 , converging to an 
open set Q in the Hausdorff complementary topology. Assume that the sets f2£ have a uniformly 
bounded number of connected components. Let (v^) be a sequence in W 1,q (R 2 ) converging weakly 
in W 1,q (R 2 ) to a function v and with Vh = C q -q.e. on £l c h . Then v = C q -q.e. on Q c . 

Proof. Let A q be the g-Laplacian, defined by A q u := div (| Vu\ q ~ 2 Vu). Let and w be the 
solutions of the problems 

(3.1) w h e W^iR 2 ), A q w h = A q v in U h , w h = C q -q.e. in 

w € W^iR 2 ), A g w = A q v in n, w = C q -q.e. in tt c . 

Using a result on the stability of Dirichlet problems proved by Bucur and Trebeschi in H (see 
also Sverak [24| for the case q = 2), we obtain that Wh converges to w strongly in W 1,q (R 2 ). 
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Taking Vh — Wh as test function in (|3.1|), which is possible since Vh — Wh G W ' q (Qh) {see, e.g., 
||l9| , Theorem 4.5]), we obtain 

(3.2) (A q w h ,v h -w h ) = (A q v,v h -w h ), 

where (•, •) is the duality pairing between T^ _1 ' P (1R 2 ) and W^R 2 ). Passing to the limit in ( |3^ ) 
we obtain 

(A q w, v — w) = {A q v, v — w), 
which implies v = w by the strict monotonicity of — A q . Since, by definition, w = C q -q.e. in 
Q c , we conclude that v = C q -q.e. in Q c . □ 

Lemma 3.4. Let v G W 1,q (M. 2 ) and let C\ and C2 be two connected closed subsets ofM. 2 with 
C\ H C2 7^ 0. //f is constant C q -q.e. in C\ and in C2, then v is constant C q -q.e. in C\ U C2. 



Proof. For (7 = 2 we the reader is referred to Proposition 2.5 in [12|, while for q > 2 the result 



follows from the Sobolev embedding theorem, which yields the continuity of v. □ 

Lemma 3.5. Let (f^) be a uniformly bounded sequence of open subsets ofM? which converges to 
an open set Q in the Hausdorff complementary topology, and let (vh) be a sequence in W 1,q (M?), 
which converges to a function v weakly in VF 1,IJ (IR 2 ). Assume that Q. c h has a uniformly bounded 
number of connected components and that every function Vh is constant C q -q.e. in each connected 
component of £l c h . Then v is constant C q -q.e. in each connected component ofVt c . 

Proof. Let C\,... , C^ h be the connected components of £l c h . Passing to a subsequence, we can 
assume that rih does not depend on h, and that the sets C l h converge in the Hausdorff metric to 
some connected sets C % as h — > 00. Let us prove that v is constant q.e. in each C % . 

This is trivial if C % contains only a single point. If C l has more than one point, there exists 
r > such that diam(C^) > 2r for h large enough. Let us prove that the constant values c l h 
taken by Vh on C l h are bounded uniformly with respect to h. To this aim let us consider a point 
Xh G C l h . Since diam(C^) > 2r, we have C l h \ B(xh,r) 7^ 0, and by connectedness 

(3.3) Cl n dB(x h , p)^0 for every < p < r. 

As Vh = c\ C q -q.e. on C h , by using polar coordinates we deduce from fl3,3| ) the Poincare inequality 



\v h -c l h \ q dx < Mr q / \Vv h \ q dx, 

lB(x h ,r) JB(x h ,r) 

where the constant M is independent of h, i, and r. Since Vh is bounded in W 1,q (M?), it follows 
that c h is bounded, and so it converges (up to a subsequence) to some constant c % . 

To prove that v = c l C q -q.e. on C % , we fix two open balls B\ and B2 with B\ CC B2, and a 
cut-off function ip G C^°(i?2) with (p = 1 in B\. Then we have that p(vh — c h ) = C^-q.e. on 
(B 2 \ C l h ) c . By Lemma ^3| we get <p(v — c % ) = C^-q.e. in (B 2 \ C l ) c , hence v = c 1 C q -q.e on 
B\ n C l . As B\ is arbitrary, we obtain v = c l Cq-q.e. on C l . If C l n 7^ 0, by Lemma [O] we 
have that v is constant Cq-q.e. on C l UC J . As il c is the union of the sets C l , we conclude that 
v is constant Cq-q.e. on each connected component of f2 c . □ 
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Lemma 3.6. Let Q be a bounded open subset o/R 2 and let u be a solution of problem \2.$ ). Let 
R be the rotation on R 2 defined by R(yi, 2/2) := ( — U2,yi)- Then there exists a unique function 
v € W 1,9 (R 2 ) such that Vv = Ra(x,Vu)ln a.e. in R 2 . Moreover v is constant C q -q.e. on each 
connected component of T2 C . 

Proof. We consider the vector field $ € L 9 (R 2 ,R 2 ) defined by <3? := a(x,X7u)ln. By (|]|) we 
have div$ = in £>'(R 2 ), hence rot(i?$) = in £>'(R 2 ). Since is bounded, there exists a 
potential v € W 1,q (M?) such that Vt> = R$ a.e. in R 2 and v = a.e. in the interior of the 
unbounded connected component of £1°. 

Given a connected component C of S7 C , it remains to prove that v is constant Cq-q.e. on C. 
For every e > let C £ := {x € R 2 : dist(:r, C) < e}, and let u £ be a solution of problem ( ^6| ) in 
Q E := Q \ C e . Let v £ be the unique function in W 1,9 (R 2 ) such that Vv £ = Ra{x ,V u £ )1q, e a.e. 
in R 2 . By Remark |2.8| , Vu £ converges to Vu strongly in L P (R 2 ,R 2 ) and so v £ converges to v 
strongly in VK 1,9 (R 2 ). By construction Vv £ = in C £ . As C £ is a connected open set containing 
C, we have that v £ is constant C g -q.e. on C. Since a subsequence of v £ converges to v C q -q.e. 
on R 2 , we conclude that v is constant Cq-q.e. on C. □ 



Proof of Theorem 3.1. Let a : R 2 x R 2 -» R 2 be a Caratheodory function satisfying (|2.2j )~(|2.4 
and let and u be solutions to problems fl2,6| ) in fi^ and 0. Taking as test function in ( |2.8| ) 
in and using fl2.4j ) we obtain that Vuhln h is bounded in L P (R 2 ,R 2 ). By ( |2.3| ) we obtain 
also that a(x, Vuh)ln h is bounded in L 9 (R 2 ). Passing to a subsequence, we may assume that 
Vu h l nh ^ weakly in L?>(R 2 ,R 2 ) and a(x,Vu h )l Qh -» $ weakly in L<?(R 2 ,R 2 ). By (|]§) we 
have div(a(x : Vu h )l nh ) = in P'(R 2 ), hence div$ = in £>'(R 2 ). 

If 0' CC 0, by the Hausdorff complementary convergence we have ft' CC $7^ for h large 
enough. Since the set of gradients of functions of L 1,P (Q') is closed in L p (f2' , R 2 ), the vectorfield 
^ is the gradient of a function of L 1,p (f2'). As Q' is arbitrary, we can construct u* 6 L 1,p (f2) 



such that ^ = Vu* a.e. in Q. On the other hand, by Lemma |3.2| we have ^ = a.e. in f2 c , hence 
qj = \7u*l n a.e. in R 2 . 

Let us prove that $ = a(x,Vu*)iQ a.e. in R 2 . By Lemma 3.2 it is enough to prove the 



equality in every open ball B CC £1. Note that by the Hausdorff complementary convergence 
we have B CC fi/, for h large enough. By adding suitable constants, we may assume that the 
mean values of Uh and u* on B are zero. Thus the Poincare inequality and the Rellich theorem 
imply that converges to u* strongly in L P {B). 

Let z € W 1 ' P (B) and let ip £ C™{B) with 92 > 0. For h large enough we have B CC f^, thus 
by monotonicity we have 

(3.4) / (a(x,Vz) -a(x,Vu h )) ■ (Vz- Vu h )cpdx > 0. 

Jb 

By ( |2.8| ) we have also 

a(x, Vu h ) • V((z - u h ) Lp)dx = 0, 



B 
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which, together with ( |3.4j) , gives 

(3.5) / a(x,V z) ■ V((z — Uh)f)dx — / (a(x, Vz) — a(x, Vii/,)) • Vip (z — Uh)dx > 0. 
Jb Jb 

We can pass to the limit in each term of ( |3.5| ) and we get 

(3.6) / a(x, Vz) ■ V{(z - u*)ip)dx - / (a(x, Vz) -®)-Vip(z- u*)dx > 0. 
Jb Jb 

As div $ = in V'(B), we have 

(3.7) / $ • V((z - u*)ip)dx = 0. 

Jb 

From (|3l| and (|3/7|) we obtain 

/ (a(x, Vz) - $) • (Vz - V-u*) i^dx > 0. 
Jb 

As 93 is arbitrary, we get (a(x,Vz) — <£) • (Vz — Vu*) > a.e. in B. In particular, taking 
z(x) := u*(x) ±e£-x, with (eM 2 and e > 0, we obtain ±(a(x, Vu* ± e£) - <£) • £ > a.e. in B. 
As e tends to zero we get (a(x, Vu*) — <3?) • £ = a.e. in 1?, which implies that a(x, Vu*) = $ 
a.e. in B by the arbitrariness of £. 
Let us prove now that 

(3.8) I a(x, Vu*) -Vzdx = Vz G L 1,p (f2). 

By Lemma 3^ for every h there exists u/i G Ty 1,,? (R 2 ) such that Vw^ = Ra(x,Vuh)ln h a.e. 
in R 2 . Moreover Vh is constant C g -q.e. on each connected component of Vt c h . As a(x,Vuh)ln h 
converges to a(x, Vu*)1q weakly in L 9 (R 2 ,R 2 ), there exists a function v G W 1,q (M?) such that 
Vh ^ v weakly in W 1,q (M. 2 ) and Vt> = Ra(x, Vu*)ln a.e. in R 2 . So, we have to prove that 



I RVv -Vzdx = Vz G L 1,p (ft). 
Jo, 



From the Lemma [T5| it follows that v is constant C q -q.e. on the connected components of f2 c . 
By [19, Theorem 4.5] we can approximate v strongly in W 1,q (M?) by a sequence of functions 
Vh G C^°(1R 2 ) that are constant in suitable neighborhoods U l h of each connected component C l 
of n c . Let z G L 1 '^) and z h G W^ p {Vt) such that z ft = z in O \ (J, U{. Then, we have 

(3.9) / RVv h -Vzdx= j RVv h ■ Vz h dx = 0, 

Jn Jn 

where the last equality follows from the fact that the vector field RVvh is divergence free. Then, 
passing to the limit in (|3.9| ) for h — > 00, we get 



/ a(x,Vu*) -Vzdx = - RVv-Vzdx = 0. 
Jn Jn 



So u* is a solution of fl2.8|) in 0, hence Vu* = Vu a.e. in Q by uniqueness of the gradients. This 
implies that Vuh^n h converges to VuIq weakly in L P (R 2 ,R 2 ) and a(x,Vuh)ln h converges to 
a(x, Vu)1q weakly in L 9 (R 2 ,R 2 ). Since ir^Afij tends to by Lemma |3.2| , from the identity 
a(x,Vuhln h ) = a(x,Vuh)ln h + a(^>0)lnc we conclude also that a(x,Vuhln h ) converges to 
a(x,Vul n ) weakly in L<?(R 2 ,R 2 ). 
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To prove the strong convergence, we consider the integral 

h ■= I ( a i x , Vw/ilnJ - a(x, Vtiln)) • (Vu h ln h - Vul n )dx. 

ji 2 



Since by (2. 



we have 

Therefore 
(3.10) 



/ a(x, Vu/,) • Vm/j dx = and / a(x, Vu) ■ Vu dx = 0, 
Jn h Jn 



/ a(x, Vu h ln h ) ■ Vudx - / a(x,Vuln) ■ Vu h ln h 
Jn Jn h 

lim 1^ = —2 / a(x, Vu) • Vudx = 0, 
Jn 



dx. 



where the last equality can be deduced from (|2.g|). The strong convergence in L P (W , R ) of 



Vri/ilf2 h to Vtiln follows now from ( 3.10| ) and from Lemma 2.4 . 



□ 



Remark 3.7. As we said in the introduction, in the case p > 2 the stability result for problem 
3|) is not true under our hypotheses. Indeed, let us consider 

S : = [1, 3] x {0}, S h : = ([1, 2 - l/h] U [2 + 1/h, 3]) x {0}, 



n := 5(0,3) \ (5(0,1) U S) and £l h := 5(0, 3) \ (5(0, 1) U S h ). 
Let <p € C c °°(0, oo) be such that tp(p) = p~P for 1 < p < 3. We set 

a(x,0 := \tr 2 d-<p(\x\)Rx, 

where R is the rotation by ir/2 defined by Rx := (—X2,x\). Let and u be solutions of 



problems (2.6) in Q and f2/j, with u\ t dx = J^udx = 0. For every x £ $7, let < 6(x) < 2ir 
be the angle between x and the positive xi-axis. As V9(x) = Rx/\x\ 2 , we have that u = 9 — ir 
in Q. 

If the open set Q, were stable for problem (^1]) along the sequence (flh), then Vii/, would 
converge strongly to Vu in L P (J7,M 2 ). By the Poincare inequality we would have that Uh 
converges strongly to u in W 1,P {Q). 

For every v G VT 1,p (f2), let v + and v~ be the upper and lower traces of v on S, defined by 



(3.11) 



v + (x) := lim v(y) and t> (x) := lim v(y). 

y 2 >0 j/2<0 



From the convergence of u^ to u in iy 1,p (0), we obtain that — > u + and u~^ — > u~ uniformly 
on S (recall that p > 2 here). Since u^(2,0) = u^(2,0) by the continuity of u^, we obtain 
u + (2, 0) = u~(2,0), which contradicts the fact that -u + (2,0) = —tt and u~(2,0) = tt, being 
u = 6 — TT. 



16 



GIANNI DAL MASO, FRANCOIS EBOBISSE, AND MARCELLO PONSIGLIONE 



4. MOSCO CONVERGENCE OF SOBOLEV SPACES 



In this section we study the convergence in the sense of Mosco of the subspaces Xq introduced 
in (|2.9D and corresponding to the Sobolev spaces W l,p (£l). The convergence of X^ h to Xq will 
be obtained from the convergence of Yn h to Yh and from the following approximation theorem 
for functions which are locally constant on the limit open set fi. 

Theorem 4.1. Let (fi/i) be a uniformly bounded sequence of open subsets ofM? which converges 
to an open set £1 in the Hausdorff complementary topology. Assume that |fi/j| converges to 
and that is connected for every h. Then for every u 6 W l,p {£l) with Vu = a. e. in f2, 
there exists a sequence £ W ,p {flh) such that UhlQ h converges to uIq strongly in L P (IR 2 ) and 
S/uhlfi h converges to strongly in L P (M?,M. 2 ). 

The proof of this theorem is postponed. We are now in a position to state the main result of 
the paper. 

Theorem 4.2. Let (O/J be a uniformly bounded sequence of open subsets ofM? which converges 
to an open set £1 in the Hausdorff complementary topology, with converging to Assume 
that Q,^ has a uniformly bounded number of connected components. Then X^ h converges to Xq 
in the sense of Mosco. 

To prove Theorem |4.2| we need the following localization lemma. 

Lemma 4.3. Let (Qh) be a uniformly bounded sequence of open subsets of M 2 , and let Q be 
a bounded open subset of M 2 . Assume that for every x € M 2 there exists e > such that the 
sequence X^^ x ^ n Q h converges to X^ e ^ n Q in the sense of Mosco. Then X^ h converges to Xq 
in the sense of Mosco. 

Proof. Condition (M2) is easy, and condition (Mi) can be obtained by using a partition of 
unity. □ 

Proof of Theorem U^K Step 1. Assume that is connected for every h. Let us prove (M2). 
Let (hk) be a sequence of indices converging to 00, (uk) be a sequence, with Uk € W 1,p (Qh k ) for 
every k, such that u^l^^ converges weakly in L P (M 2 ) to a function cj), while Vu^l^^, converges 
weakly in L P (IR 2 ,IR 2 ) to a function tp. From Lemma |3.2| it follows that cj) an d tp vanish a.e. in 




Let CC be an open set. By the Hausdorff complementary convergence we have il' CC £lh 
for h large enough. So, Uk\n> converges weakly to </>|fy in L P (J7') and Vuk\n> converges weakly 
to ip\w in L p (0,',R 2 ). Hence 4>\w € H /1,p (0') and = V0|n' in From the arbitrariness of 
it follows that the function u := 0|q belongs to W 1,p (£l), <j) = u ^n and ip = VuIq a.e. in R 2 . 

Now let us prove (Mi). Let u £ W l > p {VL). We write Q. := (J™ 1 ^i, where 1 < m < 00 and 
(0^) is the family of connected components of f2. Since the set of functions u satisfying (Mi) is 
a closed linear subspace of W 1,P (Q), by a density argument it is enough to prove (Mi) when u 
belongs to L°°(f2) and vanishes on all connected components of f2 except one. By renumbering 
the sequence (fJj), we may assume that u vanishes on Qj for every i>2. 




n c . 
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From Theorem on the convergence of Yn h to Yq in the sense of Mosco, there exists a 
sequence Zh € L 1,p (fth) such that V^lfi^ converges strongly to VuIq in L P (M. 2 ,M?). Let us 
fix a nonempty open set Aq CC We can assume that f Ao Zhdx = f Ao udx. For every 
smooth connected open set A, with Aq CC A CC fii, by the Poincare inequality we have that 
2frU — * U U strongly in W 1,P (.A). 

We consider now := (— ||it||oo) A |M|oo- We have that Wh\A — * u\a strongly in W 1,P (A) 
for every open set A CC fii. Moreover, for every open set £" CC ^ the function u^Ie belongs 
to W 1,P (E) for /i large enough. As ||iityi||oo < |[ix||oo an d |Vu;7,,|.e| < IVz^IbI, the sequence (w^e) 
is bounded in W 1,P (E). By the Rellich theorem, there exists w G W 1,P (Q) such that Wh\E 
converges to w\e strongly in L P {E) for every open set E CC SI with smooth boundary. As 
wh\a u\a strongly in W 1,P (A) for every open set A CC Q%, we have that w = u a.e. in fij. 

For every open set £7 CC fi \ fij., since IVio/J < \Vzh\ and — > Vu|£ = strongly in 
L p (i?,]R 2 ), we have Vw^ls — > strongly in LP(i£, M 2 ). Therefore we get Vro = = Vu a.e. in 

\ fii, which together with the result obtained in Qi implies that Vi%|e converges to Vu^ 
strongly in L P (E,M. 2 ) for every B CC O. In particular, we obtain that the function u — w is 
locally constant in S7. 

We claim that Vu^ln^ converges to Viuln strongly in L P (M? ,M?). Indeed for every E CC 
we have \\Vw h ln h - Vu1o||lp(r2 jIR 2) < \\Vw h l E - Vu1 e \\lp(e,m. 2 ) + ||V^ln ft lso|| iP ( K 2 )R 2) + 
l|Vul nVE || LP(M 2 iR 2). Hence 

limsup ||Vu; ft ln h - Vul n \\ LP{R 2^2) < 2||Vul nVE || LP(M 2 iR 2), 
h— >oo 

and by letting E y £1 we prove the claim. In a similar way, we obtain also that w^Iq. converges 
to irlii strongly in r; '< ?D; ^ 



Since u — w is locally constant in Q, from Theorem LI there exists Vh € W l,p (Q.h) such that 
v hlsi h ~ * ( n — u ')ln strongly in L P (M 2 ) and Vi^lf^ — > strongly in L P (M 2 , M 2 ). Therefore 
w h + v h E W la> (Q h ), (w h + t>fc)ln k -» win strongly in L P (M 2 ), and V(w h + «fc)ln h -> Vul n 
strongly in L P (M 2 ,R 2 ), which give property (Mi). 

Step 2. We now remove the hypothesis that is connected. Let C\ y . . . , C^ h be the connected 
components of Q^. Passing to a subsequence we can assume that rih does not depend on h and 
that the sets C l h converge in the Hausdorff metric to some connected sets C l as h — > oo. Let 
C H , . . . , C %d be those C l having at least two points. We set 

d d 
n*:=(U<^) C and Q* h := (\J C^f . 

3=1 3=1 

We have that Q C Qh C Cl^, and, by construction, converges in the Hausdorff com- 
plementary topology to Q* and |f^| — > (because \C' L h \ — > if i ^ i%, . . . , There exists 
some rj > such that diamC lj > 77 for every j, hence diamC^ > r\ for h large enough. Let 
us observe that, for every x € M 2 , the sequence B(x,rj/2) n converges to B(x,r)/2) n in 
the Hausdorff complementary topology and also \B(x, rj/2) n — > 77/2) n (by Lemma 
3.2). As diamC^ > rj, it is easy to see that (B(x,7]/2) n ^^) c is connected for h large enough. 
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So, from Step 1 we obtain the Mosco convergence of XB( x ,^/2)nn* h to XB( x ,r)/2)r\(l* ■ Now, using 



Lemma 4.3 we get the Mosco convergence of Aq* to Xq*. 



As \ £lh is the union of a uniformly bounded number of sets with diameter tending to 0, 
using the fact that 1 < p < 2, we deduce that C p {W h \ O^) — > 0. Let us show that this implies 
that XQ h converges to Xq in the sense of Mosco. 

For property (Mi), let u G W l > p {9). Since the set Q*\n is finite, we have that C p (Q*\Q) = 0. 
Hence, u G W l,p {£l*). So, there exists u* h G W 1,p (Q,* h ) such that i^ln* converges to uIq* strongly 
in L P (R 2 ) and Vii^ln* converges to S/u1q* strongly in L P (R 2 ,R 2 ). Setting Uh = u*h\n h , we 
obtain that UhXu h converges to uIq strongly in L P (R 2 ) and Vtt^ln h converges to Vitln strongly 
in L P (R 2 ,R 2 ), and so property (Mi) holds. 

Let us prove property (M2). Let (%) be a sequence of indices converging to 00, (uk) be a 
sequence, with Uk G V7 1 ' p (r2/ lfe ) for every k, such that Ukln h converges weakly in L P (R 2 ) to a 



function </>, while Vit^lf^ converges weakly in L P (R , R ) to a function ?/>. From Lemma 3.2 it 



follows that <p and ^ vanish a.e. in Vt c . 

As C p (fij£ \ £lh k ) 0, there exists a sequence G VF 1,P (R 2 ) converging strongly to in 
W 1 ' P (M?) such that (p^ = 1 a.e. in a neighborhood of f2£ fe \ fi/j fc . 

We set 

u k '■= u k(l ~ fk)- 

Note that u* k G W^ p {VL* h ) and that converges weakly in L P (R 2 ) to 0, while Vi^ln* 

converges weakly in L P (R 2 ,R 2 ) to if). So, from the Mosco convergence of Xq* to Xq*, it follows 
that there exists u* G VF 1,p (f2*) such that = u*ln* and i/> = Vu*ln* a.e. in R 2 . By setting 
u = u*\q, we get that <p = uIq and tp = X7uIq a.e. in R 2 and the proof of (M2) is complete. □ 



The rest of this section is devoted to the proof of Theorem |L1|. To this aim we will need some 
preliminary results. 

Lemma 4.4. Let (Qh) be a uniformly bounded sequence of open subsets ofM 2 , which converges 
to an open set £1 in the H aus dor ff complementary topology, with converging to |0| . Assume 
that = Ol U £7? with Q l h open and £l\ n f} 2 = 0. Assume also that (^l) converges to an open 
set Q l , i = 1,2, in i/te Hausdorff complementary topology. Then 

(i) ft 1 n ft 2 = 0, 

(ii) n l un 2 = n, 

(iii) |fi*| = lim h i = l,2. 

In particular, if is union of connected components of £lh and converges to an open set $7° in 
the Hausdorff complementary topology, then f2° is union of connected components ofQ and |f2^| 
converges to |f2°|. 

Proof, (i) and (ii) are easy consequences of the convergence in the Hausdorff complementary 
topology, while (iii) follows from Lemma 3.2. As is union of connected components of Qh, 



then the set Q' h := fi^ \ is open in the relative topology of O/j. Up to a subsequence, Q' h 
converges to an open set Q' in the Hausdorff complementary topology. From (i) and (ii) we have 
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that 0° n 0' = 0, and 0° U 0' = 0; hence 0° is union of connected components of 0. The last 
assertion follows from (iii). □ 

The following lemma, proved by Bucur and Varchon in 0, will also be used in the proof of 



Theorem 4.1 



Lemma 4.5. Let be a bounded open set in M? and let a and b be two points in two different 
connected components O a and Qf, of O, whose distance from O c is greater than 105 for some 
5 > 0. Let U be an open subset ofM 2 such that U c is connected and oIh{U c , O c ) < 5. Then there 
exists x £ !! c such that the closed square Q(x,95), with centre x and side length 95, intersects 
any curve contained in U and joining the points a and b. 



Proof of Theorem 4-1- By a density argument, it is sufficient to prove that for every connected 
component 0° of there exists a sequence Uh € W l,p {£lh) such that Uhln h converges strongly 
to l n o in LP(R 2 ) and Vu h l^ h converges strongly to in L P (R 2 ,R 2 ). Let a G 0° and let 0^ 
be the connected component of 0/j which contains a (which is defined for h large enough). Up 
to a subsequence, 0° converges in the Hausdorff complementary topology to some open set E. 



From Lemma 4.4 it follows that 

1 1 m 

e = \J o\ 

where < m < oo and (0*) is a family of connected components of O (including 0°), and 

(4.1) |o°| - \e\. 

Let < e < [0°| be fixed. There exist a finite integer n £ > 1 and an open set O e such that 

(4.2) e = [jn l un £ , 

i=0 

where |O e | < e and O* O e = for every i < n £ . 

We fix now a point a 1 in each set 0\ Let 5 > be such that dist(a J ,O c ) > 105 for every 



i < n £ . From Lemma 4.5, for h big enough there exist some points {x S i! l )7=i: uniformly bounded 

in C , such that for every i < n £ the square Q(xf ,9<5) intersects any curve contained in 0° and 

joining the points a and a 1 . Up to a subsequence, we have that h — > oo, for some 
x 8,i £ Q nce 

again up to a subsequence, we have that x &,% — > as <5 — > 0, for some x* E O c . 

Let 



K 5 > £ := (J 105) 



and, for i = 0,... ,n £ , let Of '* be the connected component of O^ \ K s,e containing a 1 . As 
K S,E D Q(xf ,9<5) for 5 small enough and h large enough, we have 

(4.3) Of '° ^ Of'* for i ^ 0. 

Let (/9 l5 ' e be the C„-capacitary potential of K S ' £ , i.e., the solution of the minimum problem 



mm 



| J [|V^r + M p ] dx : <E TU^IR 2 ), 99 = 1 C p -a.e. on if^ j 
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We set 



(4.4) 



e,8 I 1 111 n h' i 



h 



As n h n df^' £ '° C K 5 > £ , we have that E W 1,p (fi fc ). We observe that 

\\ u h £ ^n h ~ lo^^ollLPfM 2 ) + ll Vn ft £l O,J|LP(R 2 ,R 2 ) < 2Cp(if 5 ' £ )p. 

As C P (K 5 > £ ) < n £ C p (B(0, 105)) and p < 2, we conclude that 

(4.5) limsup limsup[||u^ £ '°ln h - l n 4, e || iP(R 2) + IIV^I^JIlpCir 2 ^)] = 0. 
We claim that 

(4.6) limsup limsup \\u e /'°l(i h - l n o||^ p(R2) < £, 
and 

(4.7) limsup limsup || Vu^l^ ||lp( R 2 )R 2) = 0, 

5— >0 h—*oo 

from which the proof of the theorem is achieved by the arbitrariness of e. 

It is easy to see that ([O]) follows from (|4.5|) , while ( |4.6[) is a consequence of ( [4.5D and of the 
following inequality 

(4.8) limsup limsup |^' £ ' Aft°| < e. 

8— >0 h—*oo 

So, let us prove (|4.8|) . For every % = 0, ...n £ , up to a subsequence, f^' £ '* converges in the 
Hausdorff complementary topology, when h — > oo, to some open set £l s > £ ' 1 c i£. We observe that 
\ i^" 5 ' 2 converges to E\ K S ' £ in the Hausdorff complementary topology when h —* oo. Let 
^<5,£,r ^ e ^.^g connected component of E\ K S ' £ which contains a*. It is easy to see that 

(4.9) E 5 ' £ ' { C ft 5 ' 2 ' 4 . 

Note that, as 5 \ 0, K S ' £ converges decreasingly to the set {x\,... E S ' £ ' 1 converges 

increasingly to f2\ and fi 5 ' 6 '* converges increasingly to some open set fl £ ' 1 C E. From ( f4.9|) , it 
follows that Q l C From ( |4.1| ) and from Lemma 3.2 it follows that 

(4.10) \fl° h \K S ' £ \ ^\E\K S ' £ \. 

By Lemma applied to Q\ := f^' £ '° and tt 2 h := (n° h \K S ' £ )\n^ £ '° , we have that fi^nO*' 6 -* = 

for every i ^ 0, from which it follows that Q £, ° n = and hence n O, 1 = for every 

1 < i < n £ . Therefore, there exists an open set Q,' E , contained in the set Q £ introduced in 
such that 

n £fi = n°un' £ . 

From (pLlOD and fr om Lemmas |4.4| and |3.2| , it follows that 

(4.11) |0^'°A^ £ '°| -» 0. 
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As CI 6 ' 6 ' C n £ '° = n°U n' £ , it follows that 

(4.12) \ n°\ < |^' £ '° \ ^ e '°| + |^> e >° \ n°| < |nj e '° \ ^ e '°| + |^|, 

and 

(4.13) \n° \ fij £ '°| < |n° \ ^ e >°| + |^ e >° \ < |ir> \ ^ e '°| + \n 5 ' E >° \ of'°|. 

As Q S ' £ '° converges increasingly to Q e '° as 5 — > + , we have \Q e '° \ Q S ' e '°\ — > as 5 — > 0. By 
( 4.11 ), passing to the limit in ( |4.12| ) and ( |4.13D first as /i — > oo and then as 5 — > + we obtain 



and 



hmsup limsup |^ ,e '° \ fi°| < \tl e \ + limsup |^' e '° \ ft^' ] < e 

5— >0 h—*oa h— »oo 



limsup limsup |f2° \ ^' e '°| = 0, 



5— >0 h^oo 

which give inequality (14.81). □ 



Remark 4.6. In the case p > 2 the stability result for problem Ql.ip is not true under our 
hypotheses. Indeed, let us consider 

S : = [-1, 1] x {0}, S h : = ([-1, -1/h] U 1]) x {0}, 

n-.= (-l,l) 2 \S, and ft h := (-l,l) 2 \S h . 

We set 

a(x, £) := |C| P ~ 2 ^ and 6(x, r/) := |r/| p_2 ?7 — X2, 
where x = (xi,^)- Let Uh and it be solutions of problems (|l.l| ) in fj^ and O respectively. By 
the symmetry of f2, the solution u will depend only on xi. Therefore, for every x = (x%, x%) G f2 



u[x) 



w(x 2 ) if x 2 G (0, 1), 
-w(-x 2 ) ifx 2 G(-l,0) 

where w is the solution of the one-dimensional problem 

{\w'\P- 2 w'y + \w\p~ 2 w = t in (0,1), 
w '(0) = w >(l) = 0, 

which turns out to be of class C 1 ([0, 1]). For every v G W 1,P (Q), let v + and v~ be the upper 



(4.14) 



and lower traces of v on S, defined as in ( 3.11 ). 

If the open set O were stable for problem ( |1.1| ) along the sequence (fi^), then would 
converge strongly to u in W 1,P (Q). Hence we would have that — > u + and u7 — > u~ uniformly 
on 5* (recall that p > 2 here). Since u^(0, 0) = u^(0, 0) by the continuity of Uh, we would obtain 
u + {0, 0) = u _ (0, 0), which implies that w(0) = 0. Let us prove that this is false. Indeed, by the 
maximum principle we have that w(t) > for every t G [0, 1]. Since w'(0) = and p > 2, we 
have that tu p_1 (t) -t < in a small neighborhood I of in [0, 1]. So, from equation ( |4.14| ) the 



function \w'\ p ~ 2 w' is decreasing in / and hence w'(t) < for every t £ I. If w(0) were equal 
to 0, we would obtain w(t) < for every t €. I, which contradicts the fact that w(t) > for 
every t G [0, 1]. This proves that w(0) > 0, and hence SI is not stable for problem ( |1.1[) along 
the sequence (Q/J f° r P > 2. 



22 



GIANNI DAL MASO, FRANCOIS EBOBISSE, AND MARCELLO PONSIGLIONE 



5. The case of unbounded domains 

We now extend the results of the previous sections to the case of unbounded domains. 

Theorem 5.1. Let (Qh) be a sequence of open subsets ofM 2 such that (O?) converges to f2 c in 
the sense of Kuratowski for some open subset Q. Assume that, for every R > 0, \flh H B(0, R)\ 
converges to \Q n B(0,R)\ and that the number of connected components of (O/j n B(0,R)) c is 
uniformly bounded with respect to h. Then the sequence of sub spaces XQ h (resp. Y^ h ) converges 
to Xq (resp. Yh). 

Proof. We prove only the Mosco convergence of Xci h to Xq , since the convergence of Yn h to Yq 
can be proved in the same way. First of all note that, from the convergence of to O c in the 
sense of Kuratowski, it follows that the sequence n -6(0, R) converges to n B(0, R) in the 
Hausdorff complementary topology. Moreover, by the assumptions of the theorem, we can apply 
Theorem [O] to the sequence n B(0, R). So, we get that ^Q h ns(o,i?) converges to ^QnB(o,R) 
in the sense of Mosco. 

Now let us prove (M2) for Xfi h and Xq. Let (hk) be a sequence of indices converging to 
00, (uk) be a sequence, with uy. G W 1,p (Slh k ) for every k, such that Uf.lci h converges weakly in 
L P (M?) to a function <fi, while Vit^ln^ converges weakly in L P (W 2 , M 2 ) to a function ip. It follows 
that Ukln hk nB(p,R) converges to 4>l B (o,R) weakly in L P (R 2 ), while Vitjfelfi Afc nB(o,ii) converges to 
ip^-B(o,R) weakly in L P (M? ,M. 2 ). So, by property (M2) relative to the Mosco convergence of 
Xn h nB(o.R) to -Xhn£(o,.R) > there exists a function ur G W 1,p (Q D B(0,R)) such that ^>1b(o,h) = 
u Klnn.B(o,i?) an d ip]-B(o,R) = ^ u R^-nnB(o,R) a.e. in M 2 . Since i? is arbitrary, it is easy to construct 
u G W 1)P (£t) such that 4> = win an d tp = VuIq a.e. in M 2 . 

Let us prove property (Mi). Let u G W 1,p (fl) and let e > 0. There exists i? £ > such that 

f [\u\ p + \Vu\ p ]dx < e. 

JU\B(0,Re) 

By property (Mi) relative to the Mosco convergence of Xf^n^o.-Re+l) to ^nns(o,H e +l)) there 
exists a sequence u>^ G n B(0,R £ + 1)) such that Wf,)-Q h nB(o,Re+l) converges strongly 

to ul nnB{0:Re+1) in L P (R 2 ) and Vuj|l nhnB(0 ^ e+1) converges strongly to Vul QnB{0>Re+1) in 
L P (R 2 ,R 2 ). Let p £ G C^(B(0,R £ + 1)) such that < <p e < 1, p e = 1 in B(0,R £ ), and 
||V</? e ||oo < C. Now we set u £ h := tp £ w e h . By construction u e h G VF 1 ' p (f2/ l ), w|ln ft — * ^e^lo 
strongly in L P (R 2 ), and V«|ln h — ► ¥? £ Vuln + tiV(/? e ln strongly in L P (R 2 ,R 2 ). On the other 
hand 

limsup f \u £ h ln h - ul n \ p + \Vu%l Uh - Vul n \ p dx < 2 p -\C p + l)e, 

(feUln — > uln strongly in L P (M 2 ), and 99 e Vuln + uV</J e ln — > VuIq strongly in L P (M 2 , R 2 ). 
Therefore, we can construct a sequence Uh G W 1 '^^) which satisfies (Mi) by a standar argu- 
ment on double sequences. □ 

6. Problems with Dirichlet boundary conditions 

In this section we study the Mosco convergence of Sobolev and Deny-Lions spaces with pre- 
scribed Dirichlet conditions on part of the boundary. 
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Let A C M 2 be a bounded open set with Lipschitz boundary dA, and let dr>A be a relatively 
open subset of dA with a finite number of connected components. For every compact set K C A, 
for every g G W 1,P (A), and for every pair of function a and b satisfying the properties Q2,2] )-(p 
we consider the solutions u and v of the mixed problems 

- dWa(x, Vu) + b(x, u) = in A\K, 



(6.1) 



and 



(6.2) 



u = g on (9d^4 \ K, 

a(x, Vu)-u = on d(A \K)\ (d D A \ K), 



-diva(x, Vv) = in 
v = g on <9d^4 \ K, 

a{x,Vv)-u = on 9(A \K)\ (do A \ K). 



Let (Kh) be a sequence of compact subsets of A, let (gh) be a sequence in W 1,P (A), and let (li/J 
be the sequence of the solutions of problems (|6.1[) corresponding to and 5^. 



Definition 6.1. We say that the pair (K,g) is stable for the mixed problems ( \6. i[ ) along the 
sequence {Kh,9h) if for every pair of functions a, b satisfying \2.^j - ^,.\) the sequence (uhlK?) 
converges to ulx c strongly in L P (A) and the sequence (Vu^l^c) converges to Vnlx<= strongly 
in L P (A, R 2 ). 

The stability for problems (\6.t\ ) is defined in a similar way by using only the convergence of 
the gradients {as in Definition 1) . 



The stabilty for problems ( |6,2| ) has been recently studied in (T^] in the case a(x,£) = £. In 
this section we will study the stability in the general case by using again the notion of Mosco 
convergence. 

We set 

W**(A \ K, d D A \ K) := {u G W^ P {A \ K) : u = g on d D A \ K}, 

and 

Ll' p (A \ K, d D A \ K) := {u G L l,p (A \ K) : u = g on d D A \ K}, 

where the equality u = g on do A \ K is intended in the usual sense of traces. 

As in Section the space Wg' p (A \ K, dp A \ K) will be identified with the closed linear 
subspace X g K (A) of IP {A) x I P (A,R 2 ) defined by 

(6.3) X 9 K (A) := {(ul K c, Vul K c) : u G W l /{A \ K, d D A \ K)}. 

For problem fl6,2|) , we consider in Ig' p (A \ K, dpA \ K) the equivalence relation ~ defined in 
(|2.1| ). Note that in this case v\ ~ V2 if and only if v\ = V2 a.e. in those connected components of 
A\K whose boundary intersects 8dA\K and Vt> 1 = Vt>2 a.e. in the other connected components 
of A\K. The corresponding quotient space, denoted by ll' p {A\K, d D A\K)/„, will be identified 
with the closed linear subspace Y^(A) of I' P (A, R 2 ) defined by 

(6.4) Y^A) := {Vul K c : u G L^(A \ K, d D A \ K)}. 
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Let K h , K be compact subsets of A and let g h , g G W 1 ' P (A). Let X$£ h (A) and X 9 K (A) be the 
corresponding subspaces defined by Q6.3|). We recall that X 9 ^ (A) converges to X 9 K (A) in the 
sense of Mosco if the following two properties hold: 



(M'{) for every u G Wg' p (A \ K, d D A \ K), there exists a sequence u h G Wgf(A \ K h , d D A \ K h ) 
such that Ufrlicc converges strongly to u\k c in L P (A) and Vu^Ir^ converges strongly to 
Vul K c in L P (A,R 2 ); 

(M' 2 ') if (hk) is a sequence of indices converging to 00, (uf.) is a sequence, with G Wgf k (A \ 
Kh k ,doA \ Kh k ) for every k, such that u^Xki converges weakly in LP(A) to a function 
</>, while Vtifcl^c converges weakly in L P (A,M. 2 ) to a function then there exists u G 
Wg ,p (A \ K, do A \ K) such that <f> = u1k c and ip = Vnl^c a.e. in A. 

Analogously, the convergence of Y^ h h (A) to Y^(A) in the sense of Mosco can be characterized 
by using only the convergence of the extensions of the gradients. 



Remark 6.2. As in Section we can prove that the Mosco convergence of Xj£ (A) to X 9 K (A) 
(resp. of Y^ h (A) to Y^(A)) is equivalent 1 
(resp. (|6^) along the sequence (Kh,gh))- 



(resp. of Y^ h (A) to Y^-(A)) is equivalent to the stability of (K,g) for the mixed problems flO| 



The following theorem is the main result of this section. 

Theorem 6.3. Let A be a bounded open subset of Mr with Lipschitz boundary dA and let dp A 
be a relatively open subset of dA with a finite number of connected components. Let (g^) be a 
sequence in W 1,P (A) converging strongly to a function g in W 1,P (A), and let (K^) be a sequence of 
compact subsets of A converging to a set K in the Hausdorff metric. Assume that \Kh\ converges 
to \K\ and that the sets Kh have a uniformly bounded number of connected components. Then 
Xj£ (A) converges to X 9 K (A) [resp. Y^ h (A) converges to Y^(A)) in the sense of Mosco. 

Proof. The main idea of this proof is due to Chambolle. Let us first prove the Mosco convergence 
of Xg(A) to X 9 K {A). Let E be an open ball in M 2 such that IcE. Let g h , g G W X ' P (T) be 
extensions of g^ and g to E such that converges to g strongly in VK 1,P (E). We set 

n h :=E\(K h U(dA\d D A)) and SI := E \ (K U (dA \ d D A)). 



Note that O/j and O satisfy the assumptions of Theorem 4.2. Let us prove property (M2"). Let 
(hk) be a sequence of indices that tends to 00, and Uk G Wgj? (A \ K^doA \ Kh k ) such that 
Uk^-K c converges weakly to (p in LP(A) and Vu^k c converges weakly to if) in L P (A, M 2 ). Let 
Uk be the extension of Uk defined by 



u k :-- 



and let <\> and ip be defined by 




Uk\K c h 



and 



in A, 
in E \ A, 



iP-, 



if) in A, 
Vg in E \ A. 
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As Uk = gh k on dp A \ Kh k , we have G W ' p (Qh k ). Since Ukln h converges to 01s weakly in 
L P (R 2 ) and Vu^l^ converges to weakly in LP(M 2 ,M 2 ), by Theorem O we conclude that 



there exists u G W 1,P (Q) such that 01s = uln and ipl% = VuIq. Let it be the restriction of u 
to A \ K. Then u G W l,p {A \ K) and we have that <fi = ulx c and ip = Vu1k c a.e. in A. As 
u G W ,p (fi), the traces of u on both sides of d^A \ K coincide. Since u = g a.e. in £ \ A, we 
conclude that u = g = g in the sense of traces on d D A \ K. Therefore u G Wg' p {A \ K, d D A\ K). 

Now we prove property (Mf). Let u G W g ' p (A \ K, dp A \ K). Let it be the extension of u 
defined by 



u 




a.e. in A, 
a.e. in £ \ A. 

As u = g on dp A \ K, we have that u G W l,p (£l). By Theorem [L^ there exists a sequence 
G W l,p {Qh) such that Uh^n h converges to uIq strongly in L P (R 2 ) and Vuhln h converges to 
VuIq strongly in L P (M 2 ,M 2 ). We consider the function 

4>h ■■= (u h -9h)\v\A- 

By construction, 0^ — > strongly in W 1,P (£\.A). Therefore there exists a sequence Vh G T^ 1,p (£), 
converging to strongly in W 1,P (E,), such that Vh\^\-j = 0/i a.e. in £ \ A We set 

Uh ■= {uh ~ v h )\ A \ Kh . 

By construction, we have that Uh G W 1,p (A\Kh) and Uh = gh in the sense of traces on dDA\Kh- 
Moreover, we have that u^Xk^ converges to u1k c strongly in L p (A) and Vu/jl^ converges to 
Vul K c strongly in L P (A,R 2 ). 

Now let us prove that Y^ h h (A) converges to Yg-(A) in the sense of Mosco. Property (M% ) is 
obtained arguing as in [12, Lemma 4.1]. So, let us prove {Ml). Let u G L g ' p {A \ K,d D A \ K). 



We set for every k G N 

u k := (g - k) V u A (g + k). 

Then u fe G Wg' p (A \ K, doA \ K) and Vu k lx^ — > Vul^c strongly in L p (yl, M 2 ). From property 
(M") proved above for the Mosco convergence of X^(A) to X^(A), for every k there exists 
u h G Wgf(A\K h ,d D A\K h ) such that Vu£lx£ -» Vu k l K - in LP(A,M 2 ). Hence, by a standard 
argument on double sequences, we obtain a sequence of indices k^ converging to oo such that, 
setting Uh ■= u h h , we get Vu^li^ — » Vulx c in L P (A,M 2 ). □ 
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